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Abstract 

Tuned Mass Dampers (TMDs) is an effective way for mitigating vibrations and sways in engi-

neering structures under lateral actions, such as strong winds. Thus, TMDs can enhance safe-

ty and reduce design structural demands. The design approach for systems with TMDs is 

crucial for both the accuracy and efficiency of their design. However, the current design ap-

proaches have either some practicality disadvantages, or cannot provide accurate and effec-

tive solutions in all cases. To this end, Bellos et al. [2] recently proposed a robust and 

versatile hybrid analytical-numerical design method that can address these shortcomings. 

The method accounts for distributed parameters and non-proportional damping, and can ap-

ply to non-conservative systems under all types of external actions. Yet, this method has not 

experimentally been validated. The main objectives of this work are to experimentally validate 

the aforementioned method, demonstrate its extended applicability, and provide a handy and 

accurate means for engineers to design systems with TMDs accurately and efficiently. The 

latter is realized by providing design charts, in lieu of using heavy numerical simulations, or 

other impractical and oversimplified methods. To achieve its objectives, the work utilizes a 

scaled down, two-storey building experimental setup with and without a TMD at its top. Par-

ametric analyses are then performed for varying values of characteristic design parameters of 

the investigated system. The experiments show a good agreement with the theoretical results, 

thus validating the accuracy of the method. The results demonstrate the effectiveness of the 

method in reducing critical performance indices of the structure under winds by up to about 

90% for realistic values of the TMB design properties. The work lays the foundation for im-

plementing the method in complex structures with multiples TMDs in random positions.   

 

Keywords: Tuned Mass Dampers (TMDs); Combined Dynamic Systems; Metastructures; 

Non-classically Damped Systems; Non-proportional Damping; Nonlinear Modal Analysis.  
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1 INTRODUCTION 

Structural engineering has long relied on vibration control mechanisms to improve build-

ing performance under lateral loads, particularly in high-rise buildings and long-span struc-

tures. Among the most widely used solutions, Tuned Mass Dampers (TMDs) have 

demonstrated remarkable efficiency in controlling excessive displacements and accelerations 

by transferring vibrational energy from the primary structure to secondary mass systems [3, 4]. 

TMDs have been successfully implemented in various landmark structures. Currently, the 

largest globally TMD is in Taipei 101, where the TMD action can reduce wind-induced accel-

erations significantly [5, 6]. Other real building examples include the Citigroup Center in 

New York, USA (initially named as “Citicorp Center”, while now is officially known as “601 

Lexington Avenue”) [7], and the Shanghai Centre Tower (SHT) [6].  

The design of systems with TMDs involves the fine-tuning of the design properties of 

TMD. This fine-tuning process has been the main focus of many researchers throughout the 

years [8]. Commencing from the seminal work by Den Hartog et al. [4] and moving to im-

provements of the method, such as those of Warburton and Ayorinde [9], the design of TMD-

equipped structures has gained particular interest for researchers. It typically involves the der-

ivation of optimal mass, damping, and stiffness parameters for the TMD using frequency-

based tuning approaches [8, 10], Modal Analysis-based techniques for TMD placement and 

design [8, 11, 12] and Energy-based TMD optimization approaches [4, 13, 14]. More modern 

applications for refining TMD configurations, include numerical optimization methods [15, 

16], involving Artificial Neural Networks (ANN) [17, 18], Machine Learning techniques [19, 

20], Genetic Algorithms (GAs) [21, 22] and Particle Swarm Optimization (PSO) [23]. 

Despite the success of classical TMD design methodologies, challenges persist in accurate-

ly modeling structures with non-proportional damping and complex dynamic interactions (e.g., 

complex modes of vibration). In addition, more modern techniques, involve dependency on 

heavy computational tools and thus associate with computational complexity [21], while still 

cannot fully address some of the shortcomings of the classical approaches. To address these 

issues, Bellos et al. [2] proposed a novel hybrid analytical-numerical framework, which ex-

tends traditional methodologies by incorporating non-proportional damping effects, random 

plasticity distribution, and a generalized modal decomposition approach. However, while the-

oretical validation of this method has been extensively conducted [1, 2], no experimental stud-

ies have yet confirmed its applicability in real-world structures.  

The primary objective of this research is to provide an experimental validation of the Bel-

los et al. [2] methodology, which will henceforth be called innovative method [2], through a 

scaled-down two-storey building prototype equipped with a TMD. Secondly, the work pro-

poses a design chart (nomograph) for the accurate tuning of systems with TMDs, otherwise 

called combined structures with TMDs. Utilizing such design charts, a Structural Engineer is 

given the option to design System with TMDs without the need of a dedicated software. In 

fact, the model proposed in [2] allows for the placement of multiple TMD, in various posi-

tions of the building, as utilizing more than one TMD has been shown to be more effective 

than using a single TMD [24]. The work also explores the effectiveness of the method in mit-

igating wind-induced vibrations and demonstrates the potential of the extended applicability 

of the method in structures with multiple TMDs.  

2 THEORETICAL MODEL  

The theoretical basis for this study follows the analytical framework established in [2], 

where the authors used an Euler-Bernoulli beam model with viscously damped oscillators at-

tached to represent the actual structure. The present study adapts this formulation by consider-
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ing a vertical Euler-Bernoulli beam to model a building structure, where the building’s lateral 

sway behavior is approximated as that of a distributed parameter system. The vertical beam 

model is fixed at its lower end, while having multiple oscillators attached to it (see Figure 1). 

The Euler-Bernoulli beam model is a well-established approximation for representing the 

behavior of slender, flexural-dominant structures under dynamic loading [25]. It is particular-

ly useful when modeling tall buildings subjected to lateral wind forces, where the lateral dis-

placements and rotations can be assumed to follow small-strain linear elasticity principles. In 

such cases, the building behaves as a continuous, distributed-parameter system, and its re-

sponse can be effectively captured through modal decomposition techniques [26]. The equiva-

lency of a high-rise building to an Euler-Bernoulli beam is especially valid in cases where:  

a) The structure exhibits dominant flexural behavior, meaning that shear deformations are 

negligible compared to bending deformations [27].  

b) The structure has a regular geometry and consistent mass and stiffness distribution over 

its height [28]. 

c) The external excitation, such as wind loads, acts predominantly as a distributed lateral 

force rather than a point load [29].  

Structures as such, comprising a main structure and oscillator appendages, in our case 

TMDs, are known as combined dynamic systems or metastructures (see configuration in Fig-

ure 1).  

 

Figure 1: The vertical Euler-Bernoulli beam with oscillator appendages (TMDs) to model a  combined build-

ing structure with TMDs.  

In the above figure, t is the time variable; l is the height of the main structure (beam length); 

x is vertical location on the main structure; w(x,t)  is the dynamic displacement along the main 

structure (beam deflection); F(x,t) is the distributed external excitation on the main structure, 

i.e. in our case could represent wind load. The index ‘n’ denotes the number of oscillators of 

the combined system(in our case number of TMDs); mj, dj and kj represent the mass, damping 
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and stiffness properties of the jth oscillator, respectively; zj(t) is the dynamic displacement of 

the jth oscillator; Pj(t) is the external force imposed at the jth oscillator at the location Xj via the 

Dirac Delta function δ(x-Xj).  

The boundary conditions of the problem are determined as per the following equation:  

 
0

( , )
(0, ) 0,    for     0,


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 x
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while the initial conditions are considered homogeneous:  
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As it can be understood, combined dynamic systems like the above can represent anything 

from a horizontal structure, such as a bridge with dampers positioned in key locations, up to a 

normal building structure, where the dampers can be placed anywhere along its height. The 

governing equation of motion, for all these structures will remain the one next, derived in [2]:  

2 4

2 4
1

( , ) ( , ) ( , )
( ) ( ) ( , ),    0 ,    0,

n

b b j j

j

w x t w x t w x t
A d E I F t x X F x t x l t

t t x
 



  
             

  
  (3) 

Here ρ and E are the density and modulus of Elasticity of its material, respectively; A and Ib 

are the cross-sectional area and moment of inertia of the equivalent beam, respectively; db is 

its distributed damping; Fj(t) are the reaction forces exerted by the oscillators to the main 

structure. These latter forces are given as per the relationship:  
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  (4) 

It must be noted that, in our case, Pj(t)=0,  j=1,2,…,n, since no external forces or controls are 

considered to be imposed on our TMDs.  

Next, the problem can be made dimensionless by normalizing to space, time and mass, 

through the normalization parameters, l, τ, μ, respectively. These normalization parameters are 

defined as:  

    2
bA E I ,       A .         l l  (5) 

Considering Eqns. (5), the problem can now be written in terms of its dimensionless forms, 

expressed through the capped forms of their initial parameters, as per the following formulas:  
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where j j jΩ k m  is the undamped natural frequency of the jth oscillator, in our case of the 

jth TMD, and ωi and Φi(x) are respectively the natural frequency and eigenfunction of the ith 

mode of the undamped structure. Note that the values of ωι and Φi(x) are derived through 

nonlinear modal analysis, using Eqns. (20) and (26) presented in [2]. 

Consequently, Eqns. (3) and (4) are expressed in dimensionless form as 
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The correlation of the above Eqns. (7) and (8) with Eqns. (1) and (7) presented in [2], re-

spectively (not repeated here for brevity), representing the general model of combined dynam-

ic systems, yields the operators L1 and L2, as per the following relationships:  
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where I is the identity operator. These two operators are two linear, self-adjoint, positive defi-

nite differential operators [30], which represent damping and stiffness characteristics of the 

main structure, respectively, and which comprise partial derivatives with respect to the spatial 

variable x. Moreover, each of the differential operators of Eq. (9) is defined in a domain with 

continuous fourth order spatial derivatives, expressed as R=L4(0,1). Utilizing Eq. (9), one 

could attain the introduction of material nonlinearity into the model.  

Finally, the couple problem can be written in its dimensionless form, and in its natural co-

ordinates as:  
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where ai(t) is the ith modal displacement, δik is the kronecker delta,  and  2 2 2  ji j j iA  is 

ith modal magnification factor of the jth oscillator.  

3 PROTOTYPE BUILDING AND EXPERIMENTAL SETUP  

3.1 Design cases  

For the validation of the theoretical methodology presented in [2], a two-storey scaled-

down building model was utilized. The model comprised a proprietary experimental setup 

from Quanser [31]. The model in question represented a moment-resisting frame (MRF). For 

the scope of this research, two design configurations considered for comparison, notably a 

system with a TMD versus one without TMD. The two systems are shown in Figure 2. The 

system at the left (Figure 2(a)), i.e. the one without the TMD, served as the benchmark design 

case of this work. The names of the levels of the investigated prototype model are shown in 

Figure 2(a).  

In this work, a single TMD device (see Figure 2(c)) is fixed on the top of Level 2 of the 

experimental setup (see Figure 2(b)). This is because the dominant mode of vibration of such 

a structure is usually the first mode. Therefore, its maximum value is meant to be at, or close 

to, the location where the maximum storey displacement is anticipated, i.e. near the top of the 

building, as per previous relevant research [32, 33, 34]. 
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(a)  (b) 

 
(c) 

Figure 2: The experimental device: (a) without TMD    (b) with TMD   (c) The TMD device itself (placed at 

the top of the device in (b)).  

4 NUMERICAL MODELLING AND ANALYSIS  

4.1 Numerical Modeling  

The experimental setup was modelled as an equivalent Euler-Bernoulli beam, on the 

grounds of the theory presented in Section 2. The loading utilized for this research is a wind 

load of sinusoidal form. The distributed load is applied to the model through F(x, t) of Eq. (1), 

described above. The performance criterion used for assessing the performance of the investi-

gated experimental setup, as well as for the hybrid model in [2], is the peak displacement (or 

peak drift) of the equivalent beam, as this is one of the classical performance indicators for 

such systems [13].  

In the first place, analyses conducted, utilizing the theoretical model presented in [2] for 

the equivalent beam comprising two flexible metal strips rigidly connected at Level 1 and 

Level 2. Two design cases of the beam examined: one without TMD and one with TMD. In 

both cases, the beam geometrical and material properties were the following:  

Total length:    l  = 0.976 (m);  

Mass Density:  ρ = 2700  (kg/m3);  

Cross-sectional Area: A = 4.18*10-4 (m2); 

Modulus of Elasticity:  E  = 6.8*1010 (N/m);  

Moment of Inertia:  Ib = 4.65*10-10 (m4);  

Damping coefficient: db = 1.5 (Kg/sec/m). 
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For the two investigated cases, the rigid connectors at the two levels were modelled as 

lumped mass oscillators of high stiffness and damping values. The properties of the lumped 

mass oscillators along with the properties of the TMD are shown in Table 1.  

Properties of the lumped 

mass oscillators 

Case without TMD Case with TMD 

Level 1 Level 2 Level 1 Level 2 TMD  

Position (m) 0.5∙l* 1.0∙l 0.5∙l 1.0∙l 1.0∙l 

Mass (kg)  0.635 0.635 0.635 1.435 0.520 

Stiffness (N/m) 500.0 500.0 500.0 500.0 0.0 

Damping (kg/sec)  100.0 100.0 100.0 100.0 0.5 

* l refers to the total height of the building, which in this case represents the total height of the device  

Table 1: Properties of the lumped mass oscillators for the investigated two design cases.  

In our case, the normalization parameters resulted from Eqns. (5) are: 

  l = 0.976 (m),  τ = 0.180 (sec), μ = 1.102 (Kg). 

4.2 Numerical Analyses  

In the first place, this work investigated the importance of considering modal coupling, as 

per the work in [1]. To this end, the first six modes of vibration of the structure with and that 

without the TMD were determined.  

The misleading errors of neglecting the modal coupling in the response of such a combined 

structure are inferred in Figure 3.  

 

Figure 3: Dynamic response at the top of the 2-storey model with TMD at the top, for the cases of considering or 

neglecting modal coupling and for excitation of the first mode of the main structure.  
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Considering modal coupling, for the two cases of the beams (as per Section 3.1), the six 

first modes of vibrations derived using nonlinear modal analysis, as per [2]. From these 

modes, Table 2 lists their correspondent frequencies.  

Mode  
Case without TMD Case with TMD 

ω (rad/sec) f (Hz) ω (rad/sec) f (Hz) 

1 9.81 1.56 7.13 1.13 

2 26.39 4.20 25.50 4.06 

3 53.66 8.54 50.89 8.10 

4 133.96 21.32 133.77 21.29 

5 345.58 55.00 345.51 54.99 

6 673.87 107.25 673.87 107.25 

Table 2: First six natural frequencies for the two design cases.  

As it can be seen from the values of Table 2, the effect of the TMD subsides while moving 

up to higher modes of vibrations; this is demonstrated by the difference in the frequency re-

sponse of the structure with and without the TMD, which  gradually decreases, ending up to 

zeroing when reaching the sixth mode. This is grounded on the fact that we have adjusted our 

TMD to have damping properties that generate modal coupling in the lower modes of our 

main structure, thus shifting the respective natural frequencies of the combined structure away 

from resonance while absorbing maximum energy for the respective modes of vibration.  

The mode shapes of the first six modes of vibration of the system can be seen in Figure 4. 

Using the methodology presented in [2], a continuous model is obtained for our structure with 

an infinite number of degrees of freedom (DOFs) and, therefore, one can easily determine the 

appropriate number of truncated mode shapes for the real structure. As such, i.e. by requiring 

additional mode shapes, the dynamic response of the corresponding actual structure is calcu-

lated more accurately compared to the response approximated by other methods, such as 

lumped parameter approximations. 

 

Figure 4: The six mode shapes of the combined structure, as derived using the innovative method [2].  
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Figure 5: Drift reduction percentage versus normalized damping d̂  of a springless TMD attached to the top of 

the 2-storey model, for excitation of the first mode of the main structure.  

 

Figure 6: Drift reduction percentage versus normalized natural frequency Ω̂  of an undamped TMD attached to 

the top of the 2-storey model, for excitation of the first mode of the main structure. 
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This work numerically investigates the effectiveness of the TMD on the dynamic response 

of the 2-storey model, under the scenario of an externally applied sinusoidal wind load excit-

ing the first mode of the main structure. Figures 5 and 6 show how the peak drift is affected 

by properties of a TMD attached to the top of the 2-storey model. In fact, they present the 

drift reduction percentage versus the normalized damping d̂  of a springless TMD and versus 

the normalized natural frequency ˆ Ω=Ω τ  of an undamped TMD, respectively. Notice in Fig-

ure 6, for example, that the region ˆ1.0 1.5 Ω  or the respective region 5.55 8.33 Ω (in 

rad/sec) should be avoided. 

 

Figure 7: Dynamic response at the top of the 2-storey model without and with TMD at the top, for excitation for 

excitation of the first mode of the main structure.  

Figure 7 shows a comparison of the dynamic responses between the two design cases, 

when exciting the first mode of the 2-storey model. The response shown on the graph refers to 

the horizontal displacement of the top level of the investigated 2-storey model. As it can be 

seen from the graph, utilizing the TMD, which has been designed as per the methodology in 

[2], can drastically reduce the maximum drift of the modelled building. More specifically, for 

the given design, the maximum drift reduction achieved is of the order of 83.2%. However, 

and as it will be shown next (Section 4.3), greater reductions can also be achieved. 

4.3 Design Charts  

In this section, this work constructs and provides a useful tool for designing effectively, 

and accurately, the main design properties of a combined structure with TMD. This is realized 

through a proposed design chart (Nomograph), which is shown in Figure 8. It is highlighted 

that the design chart has been constructed to provide effective TMD designs for a wide range 

of realistic and attainable values of TMD design attributes. Note that the design chart is unit-

less to be more practical.  
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Figure 8: Drift reduction percentage versus normalized TMD properties, after applying a TMD at the top, for 

excitation of the first mode of the main structure.  

As it can be observed from the above design chart, there are two regions of particular in-

terest: one that should be avoided, and one that it should be sought after. For the first one, the 

designer should avoid the region ˆ1.0 1.5 Ω and ˆ 0.2d . This is identified here as the 

“avoidable” region of the design chart. In this region the attached TMD fails to shift the re-

spective natural frequencies of the combined structure away from resonance. On the other end 

of the spectrum, an optimum design can be achieved in the region ˆ0.4 0.6 Ω  and ˆ 0.8d , 

where, obviously, the main structure’s resonates and applying a TMD at the top achieves a 

significant drift reduction. This is identified here as a “targeted” region of the design chart.  

4.4 Design Example  

To demonstrate the practicality of the design chart of Figure 8, let us assume that for our 2-

storey model we apply a TMD at the top with a spring stiffness k=5 (N/m).  

In Figure 8, we choose a normalized natural frequency ˆ 0.5Ω  while we seek a drift reduc-

tion percentage of approximately 86%. Then, the design chart provides a normalized damp-

ing ˆ 1.0d . The design parameters of the TMD are obtained as: 

2 2

ˆ ˆ / 0.5/0.18 2.78 (rad/sec),

5 2.78 0.647 (Kg),

ˆ ˆ / 1.0 0.647/0.18 3.59 (Kg/sec).

       

     

         

Ω Ω τ Ω Ω τ Ω Ω

Ω k m m k Ω m

d d m τ d d m τ d d

  

The TMD device with the above properties will provide a drift reduction percentage of 

86% for the combined 2-storey model. 
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5 EXPERIMENTAL VALIDATION  

5.1 Experimental Results  

The work aimed to validate the accuracy of the innovative method [2]. To this end, the first 

two modes of vibration numerically investigated in Table 2, were also replicated in the labs, 

as per the setup described in Section 3.  

Table 3 compares the frequencies of the first two modes derived experimentally from the 

lab experiments with those of Table 2 derived theoretically.  

Case without TMD Case with TMD 

Theoretical Experimental  Theoretical  Experimental  

ω (rad/sec) f  (Hz) ω (rad/sec) f  (Hz) ω (rad/sec) f  (Hz) ω (rad/sec) f  (Hz) 

9.81 1.56 9.68 1.54 7.13 1.13 7.04 1.12 

26.39 4.20 26.52 4.22 25.50 4.06 21.99 3.5 

Table 3: Comparison of the theoretical and experimental results of the two first modes for the two design cases.  

As observed from Table 3, the theoretical derived values by using the methodology proposed 

in [2] are in a good agreement with the corresponding experimentally derived values.  

6 SUMMARY AND CONCLUSIONS  

Based on the findings of this work, the following conclusions are drawn:  

1. A hybrid analytical-numerical design method [2] has been experimentally validated 

for low-rise construction, and for conventional MRF systems.  

2. The work shows that considering modal coupling is necessary in predicting more ac-

curately the response of a combined structure.  

3. A handy, accurate and effective design tool, namely, a design chart (nomograph), has 

been proposed in this work for Structural Engineers to use to design structural systems 

with TMD, without the need to resort to complex mathematical design processes.  

4. The design chart identifies a “targeted” and an “avoidable” region for the design of 

metastructures with TMDs. For the “targeted” region, performance improvement up to 

90% can be achieved, for a wide but realistic and attainable range of the design prop-

erties of the TMDs.  

5. Selecting an appropriate method, such as the innovative method [2], can have a signif-

icant effect on the level of performance improvement that can be achieved for a struc-

ture equipped with TMD.  

Future work aims to:  

a) Adjust Eq. (51) of the methodology presented in [2] to introduce lumped plasticity in 

the model.  

b) Use the same experimental device to vary the number of TMDs and, thus, extend the 

experimental findings relevant to this work. 

c) Extend the findings of this work to investigate the effect of higher mode effects by 

constructing finite element method models that represent taller buildings with TMD in 

software such as OpenSees [35]. 

d) Investigate cases of combined seismic and wind loads.  
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e) Effectively combine additional performance indices to design metastructures with 

TMDs more holistically, construct the design charts for the additional performance in-

dices and propose methods for combining the design charts. 

f) Introduce additional design charts for new performance indices and propose a new 

method for combining these with the existing ones in this work; this aims to a more ef-

fective design of metastructures. 

g) Further extend the applicability of the current innovative approach of [2] by introduc-

ing an Automated TMD Placement Optimization Technique, by using, for example, 

Machine Learning (ML).  
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